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Factorization problem

Algebraic aspects

The Lie group

I Space of sequences {f (n)}n∈Z, f (n) ∈ MN(C). If Z N⇒
we go from the infinite case to the semi-infinite case

I The shift operator Λ

(Λf )(n) := f (n + 1)

If Z N then Λ is not invertible but we denote Λt = Λ−1

I Sequence Xj : Z→ MN(C) acts by left multiplication

(XjΛ
j)(f )(n) := Xj(n) · f (n + j)
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Factorization problem

Gauss factorization problem

Vacuum dressing operators
W0, W̄0 ∈ G , sa ∈ Z, tja,∈ C, Zero charge:

∑
a∈S sa = 0

W0 :=
N∑

k=1

EkkΛsk exp(
∞∑
j=1

tjkΛj), W̄0 :=
N∑

k=1

EkkΛ−sk̄ exp(
∞∑
j=1

tj k̄Λ−j),



The multicomponent 2D Toda hierarchy: string equations and dispersionless limits

Factorization problem

Gauss factorization problem

Three components

W0 =

Λs1 e
∑∞

j=1 tj1Λj

0 0

0 Λs2 e
∑∞

j=1 tj2Λj

0

0 0 Λs3 e
∑∞

j=1 tj3Λj


W̄0 =

Λ−s1̄ e
∑∞

j=1 tj 1̄Λ−j

0 0

0 Λ−s2̄ e
∑∞

j=1 tj 2̄Λ−j

0

0 0 Λ−s3̄ e
∑∞

j=1 tj 3̄Λ−j
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Factorization problem

Gauss factorization problem

Factorization problem

If g admits Gauss factorization, what about W0 · g · W̄−1
0 ?

W0 · g · W̄−1
0 = S−1 · S̄ ,

S = IN + βΛ−1 + ϕ2Λ−2 + · · · ∈ G−,

S̄ = eφ +ϕ̄1Λ + ϕ̄2Λ2 + · · · ∈ G+
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Lax equations

Dressing procedure

Dressing and Lax operators
After Ueno and Takasaki (1984)

Sato’s dressing operators

W := S ·W0, W̄ := S̄ · W̄0

Factorization problem

W · g = W̄

Lax operators:

L := W · Λ ·W−1, L̄ := W̄ · Λ · W̄−1,

Notice the definition of L̄
New objects in the multicomponent context

Ckl := W · Ekl ·W−1, C̄kl := W̄ · Ekl · W̄−1
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Lax equations

Dressing procedure

Λ-expansions

The Lax operators have the standard expressions

L = Λ + u1(n) + u2(n)Λ−1 + · · · ,
L̄−1 = ū0(n)Λ−1 + ū1(n) + ū2(n)Λ + · · · ,

Multicomponent elements

Ckl = Lsk−sl e
∑∞

j=1(tjk−tjl )L
j

(Ekl + Ckl ,1(n)Λ−1 + Ckl ,2(n)Λ−2 + · · · ),

C̄kl = L̄−sk̄+s̄l e
∑∞

j=1(tj k̄−tj l̄ )L̄
−j

(C̄kl ,0(n) + C̄kl ,1(n)Λ + C̄kl ,2(n)Λ2 + · · · ).
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Lax equations

Dressing procedure

Algebraic identities

IN =
N∑

k=1

Ckk , IN =
N∑

k=1

C̄kk ,

CklCk ′l ′ = δlk ′Ckl ′ , CklL = LCkl ,

C̄kl C̄k ′l ′ = δlk ′C̄kl ′ , C̄kl L̄ = L̄C̄kl ,
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Lax equations

Evolution equations

Definition

1.

∂ja :=
∂

∂tja
, for a = S and j = 1, 2, . . .

2. The zero-charge shifts TK for K = (a, b) are defined as follows

sa → sa + 1, sb → sb − 1.
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Lax equations

Evolution equations

Lax equations

Theorem

I Linear systems

∂jaW = Bja ·W , ∂jaW̄ = Bja · W̄ ,

TK W = ωK ·W , TK W̄ = ωK · W̄ ,

I Lax equations

∂jaL = [Bja, L], ∂jaL̄ = [Bja, L̄],

∂jaCkk = [Bja,Ckk ], ∂jaC̄kk = [Bja, C̄kk ],

TK L = ωK · L · ω−1
K , TK L̄ = ωK · L̄ · ω−1

K ,

TK Ckk = ωK · Ckk · ω−1
K , TK C̄kk = ωK · C̄kk · ω−1

K ,
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Lax equations

The multicomponent Toda equations

Nonlinear partial differential-difference equations

β(n)Ekk − Ekkβ(n + 1) = ∂1k(eφ(n)) e−φ(n)

∂1k̄β(n) = eφ(n) Ekk e−φ(n−1)

T(k,b)β(n)Ekk − Ekkβ(n + 1) + IN − Ekk − πb = eT(k,b)φ(n)(IN − π̄b) e−φ(n)

T(k̄,b)β(n)(IN − πb)− (IN − πb)β(n) + πb = eT(k̄,b)φ(n) Ekk e−φ(n−1)

Matrix extension of the 2D Toda equation

∂1k̄′
(
∂1k(eφ(n))·e−φ(n)

)
= eφ(n) Ek′k′ e−φ(n−1) Ekk−Ekk eφ(n+1) Ek′k′ e−φ(n)
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Lax equations

The multicomponent Toda equations

One component case

For N = 1:

1. 2D Toda equation

∂1∂1̄(φ(n)) = eφ(n)−φ(n−1)− eφ(n+1)−φ(n)

2. Only the shift T(s1,s1̄) ! n→ n + 1

3. If one sets the bared times to zero one obtains discrete KP
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Lax equations

The multicomponent Toda equations

Discrete and discrete-continuous Toda type equations

Examples:

∆(k̄ ′ ,̄l)

(
∂1k(eφ(n)) · e−φ(n)

)
= eT(k̄′ ,̄l)φ(n) ·Ek ′k ′ · e−φ(n−1) Ekk

− Ekk eT(k̄′ ,̄l)φ(n+1) ·Ek ′k ′ · e−φ(n)

∆(k̄ ′ ,̄l)

(
eT(k,b)φ(n) ·(IN−π̄b)·e−φ(n)

)
= T(k,b)

(
eT(k̄′ ,̄l)φ(n) ·Ek ′k ′ ·e−φ(n−1)

)
Ekk

− EkkT(k,b)

(
eT(k̄′ ,̄l)φ(n+1) ·Ek ′k ′ · e−φ(n)

)
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Orlov operators. String equations

Orlov operators. Basic properties

Introducing Orlov operators

Definition
The Orlov operators are defined as follows

M := WnW−1, M̄ := W̄ nW̄−1
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Orlov operators. String equations

Orlov operators. Basic properties

The Orlov operators satisfy

I

[L,M] = L, [L,Ckk ] = 0, [L̄, M̄] = L̄, [L̄, C̄kk ] = 0,

I

M =M+
N∑

k=1

Ckk(sk +
∞∑
j=1

jtjkLj), M = n + g−

M̄ = M̄ −
N∑

k=1

C̄kk(sk̄ +
∞∑
j=1

jtj k̄ L̄−j), M̄ = n + g+Λ
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Orlov operators. String equations

Additional symmetries

Additional symmetries
Rewrite the factorization problem as

W · h = W̄ · h̄

with g = h · h̄−1.

∂bh · h−1 =
N∑

l ,l ′=1

Fll ′(n,Λ)Ell ′ , ∂b h̄ · h̄−1 =
N∑

l ,l ′=1

F̄ll ′(n,Λ)Ell ′

Tbh · h−1 =
N∑

l ,l ′=1

Fll ′(n,Λ)Ell ′ , Tb h̄ · h̄−1 =
N∑

l ,l ′=1
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Additional symmetries

Define

F :=
N∑

l ,l ′=1

Fll ′(M, L)Cll ′ , F̄ :=
N∑

l ,l ′=1

F̄ll ′(M̄, L̄)C̄ll ′
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F̄ll ′(M̄, L̄)C̄ll ′

H := F − F̄ , H := F · F̄−1
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Orlov operators. String equations

Additional symmetries

Theorem

1. The Sato operators W and W̄ satisfy

∂b W = −H− ·W , ∂b W̄ = H+ · W̄ ,

Tb W = H− ·W , Tb W̄ = H+ · W̄

2. The Lax and Orlov operators verify

∂b L = [−H−, L], ∂b M = [−H−,M], ∂b Ckk = −[H−,Ckk ]

∂b L̄ = [H+, L̄], ∂b M̄ = [H+, M̄], ∂b C̄kk = [H+, C̄kk ]

Tb L = H−LH−1
− , Tb M = H−MH−1

− Tb Ckk = H−CkkH−1
−

Tb L̄ = H+L̄H−1
+ Tb M̄ = H+M̄H−1

+ Tb C̄kk = H+C̄kkH−1
+
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String equations. Block Toeplitz/Hankel operators

Suppose that the initial condition g satisfies

gF̄0 = F0g , F0 :=
N∑

l ,l ′=1

Fll ′(n,Λ)Ell ′ , F̄0 =
N∑

l ,l ′=1

F̄ll ′(n,Λ)Ell ′ ,

F (M, L) :=
∑N

l ,l ′=1 Fll ′(M, L)Cll ′ , F̄ (M̄, L̄) =
∑N

l ,l ′=1 F̄ll ′(M̄, L̄)C̄ll ′

then

String equation

F (M, L) = F̄ (M̄, L̄)

This is equivalent to invariance under an additional symmetry
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Orlov operators. String equations

String equations. Block Toeplitz/Hankel operators

For {`a}a∈S ⊂ Z

g ·
( N∑

k=1

EkkΛ−`k̄
)

=
( N∑

k=1

EkkΛ`k
)
· g ⇔

N∑
k=1

CkkL`k j =
N∑

k=1

C̄kk L̄−`k̄ j

If S± := {a ∈ S : ±`a > 0}, S0 := {a ∈ S : `a = 0},
S̄± := {a ∈ S̄ : ±`a > 0}, S̄0 := {a ∈ S̄ : `a = 0}

( ∑
a∈S+∪S0∪S̄+

∂j`a,a

)
(L) =

( ∑
a∈S+∪S0∪S̄+

∂j`a,a

)
(L̄) = 0,

( ∑
a∈S−∪S0∪S̄−

∂j|`a|,a

)
(L) =

( ∑
a∈S−∪S0∪S̄−

∂j|`a|,a

)
(L̄) = 0,
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String equations. Block Toeplitz/Hankel operators

When ∑
a∈S

`a = 0;

the Lax operators are periodic

L(s1 + `1, . . . , sN + `N , s1̄ + `1̄, . . . , sN̄ + `N̄) = L(s1, . . . , sN , s1̄, . . . , sN̄)

L̄(s1 + `1, . . . , sN + `N , s1̄ + `1̄, . . . , sN̄ + `N̄) = L̄(s1, . . . , sN , s1̄, . . . , sN̄)

If g =
∑N

k1,k2=1 gk1k2Ek1k2 , gk1k2 =
∑

j∈Z gj ,k1k2(n)Λj

I For `k1`k̄2
> 0 is a |`k1 | × |`k̄2

|-block bi-infinite Hankel matrix.

I For `k1`k̄2
< 0 is a |`k1 |× |`k̄2

|-block bi-infinite Toeplitz matrix.

I For `k1 = 0 with `k̄2
6= 0 we have a diagonal band structure

being |`k̄2
| its width, and for `k̄2

= 0 with `k1 6= 0 a
|`k1 | × |`k1 | block bi-infinite matrix.

Given a block matrix Ω = (Ωi ,j)i ,j∈Z or N made up with
p × q-blocks Ωi ,j we say that Ω is a block Toeplitz matrix if
Ωi+1,j+1 = Ωi ,j and a block Hankel matrix if Ωi+1,j−1 = Ωi ,j
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Dispersionless limits

Baker functions

Baker functions

After Adler and van Moerbeke

1. For any complex number z ∈ C

χ(z) := {zn
IN}n∈Z

2. Fundamental property

Λχ = zχ

3. Baker functions

ψ = W · χ, ψ̄ = W̄ · χ,
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Dispersionless limits

Baker functions

ψ = znϕ(z , n)ψ0(z), ϕ := IN + ϕ1(n)z−1 + ϕ2(n)z−2 + · · ·

ψ0 :=
N∑

k=1

Ekkzsk e
∑∞

j=1 tjkz j

,

ψ̄ = znϕ̄(z , n)ψ̄0(z), ϕ̄ := ϕ̄0(n) + ϕ̄1(n)z + ϕ̄2(n)z2 + · · ·

ψ̄0 :=
N∑

k=1

Ekkz−sk̄ e
∑∞

j=1 tj k̄z−j
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Dispersionless limits

Baker functions

Given diagonal operators of the form

F :=
N∑

k=1

FkCkk , Fk :=
∑

i>0,j∈Z
FkijM

iLj ,

F̄ :=
N∑

k=1

Fk̄ C̄kk , Fk̄ :=
∑

i>0,j∈Z
Fk̄ ijM̄

i L̄j ,

we can write

F (ψ) = (ψ)
N∑

k=1

←−−−−−−−−
Fk

(
z

d
dz
, z
)

Ekk =
∑

i>0,j∈Z
Fkijz

j
(

z
d
dz

)i
(ψ),

F̄ (ψ̄) = (ψ̄)
N∑

k=1

←−−−−−−−−
Fk̄

(
z

d
dz
, z
)

Ekk =
∑

i>0,j∈Z
F̄kijz

j
(

z
d
dz

)i
(ψ̄)
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Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Charge preserving Lax and Orlov–Schulman operators
1. Two sets of charge preserving Lax and Orlov–Schulman

operators, {La,Ma}a∈S and {L̄a, M̄a}a∈S .

2. First family depends on two arbitrary given elements l ∈ S
and a′ ∈ S, while the second set depends on two arbitrary
elements l̄ ∈ S̄ and a′ ∈ S.

3. These sets of operators will lead to two dispersionless
hierarchies, the first one is the genus 0 universal Whitham
hierarchy while the second provides a multicomponent version
of the dispersionless 2D Toda hierarchy as presented by
Takasaki and Takebe

Definition

Ta :=

{
T(l ,a′), a = l ,

T(a,l), a 6= l
T̄a :=

{
T(̄l ,a′), a = l̄ ,

T(a,̄l), a 6= l̄ ,



The multicomponent 2D Toda hierarchy: string equations and dispersionless limits

Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Charge preserving Lax and Orlov–Schulman operators
1. Two sets of charge preserving Lax and Orlov–Schulman

operators, {La,Ma}a∈S and {L̄a, M̄a}a∈S .
2. First family depends on two arbitrary given elements l ∈ S

and a′ ∈ S, while the second set depends on two arbitrary
elements l̄ ∈ S̄ and a′ ∈ S.

3. These sets of operators will lead to two dispersionless
hierarchies, the first one is the genus 0 universal Whitham
hierarchy while the second provides a multicomponent version
of the dispersionless 2D Toda hierarchy as presented by
Takasaki and Takebe

Definition

Ta :=

{
T(l ,a′), a = l ,

T(a,l), a 6= l
T̄a :=

{
T(̄l ,a′), a = l̄ ,

T(a,̄l), a 6= l̄ ,



The multicomponent 2D Toda hierarchy: string equations and dispersionless limits

Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Charge preserving Lax and Orlov–Schulman operators
1. Two sets of charge preserving Lax and Orlov–Schulman

operators, {La,Ma}a∈S and {L̄a, M̄a}a∈S .
2. First family depends on two arbitrary given elements l ∈ S

and a′ ∈ S, while the second set depends on two arbitrary
elements l̄ ∈ S̄ and a′ ∈ S.

3. These sets of operators will lead to two dispersionless
hierarchies, the first one is the genus 0 universal Whitham
hierarchy while the second provides a multicomponent version
of the dispersionless 2D Toda hierarchy as presented by
Takasaki and Takebe

Definition

Ta :=

{
T(l ,a′), a = l ,

T(a,l), a 6= l
T̄a :=

{
T(̄l ,a′), a = l̄ ,

T(a,̄l), a 6= l̄ ,



The multicomponent 2D Toda hierarchy: string equations and dispersionless limits

Dispersionless limits
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Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Definition

Ka :=


1 + βllT −1

l + ϕ2,llT −2
l + · · · , a = l

βlk + ϕ2,lkT −1
k + · · · , a = k 6= l ,

ϕ̄0,lk + ϕ̄1,lkT −1
k̄

+ · · · , a = k̄ ,

K̄a :=


1 + βll T̄ −1

l + ϕ2,ll T̄ −2
l + · · · , a = l ,

βlk + ϕ2,lk T̄ −1
k + · · · , a = k 6= l

ϕ̄0,lk + ϕ̄1,lk T̄ −1
k̄

+ · · · , a = k̄ ,
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Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Definition
Charge preserving Sato operators

Wa := Ka ◦W0,a, W0,a := exp(Ta), Ta :=
∞∑
j=1

tjaT j
a ,

W̄a := K̄a ◦ W̄0,a, W̄0,a := exp(T̄a), T̄a :=
∞∑
j=1

tjaT̄ j
a .

Charge preserving Lax operators

La := Wa ◦ Ta ◦W −1
a , L̄a := W̄a ◦ T̄a ◦ W̄ −1

a
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Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators
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Charge preserving Sato operators
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∞∑
j=1

tjaT j
a ,

W̄a := K̄a ◦ W̄0,a, W̄0,a := exp(T̄a), T̄a :=
∞∑
j=1

tjaT̄ j
a .

Charge preserving Lax operators
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a
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Dispersionless limits

Charge preserving Lax and Orlov–Schulman operators

Definition
Charge preserving Orlov operators

Ma := n − n0,a + sg(a)Wa ◦ sa ◦W −1
a , sg(a) :=

{
1, a ∈ S,
−1, a ∈ S̄.

M̄a := n − n0,a + sg(a)W̄a ◦ sa ◦ W̄ −1
a , n0,a :=

{
1, a ∈ S− {l},
0, a 6∈ S− {l},
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Dispersionless limits

Weak identities

Weak identities
We present some identities between the charge preserving
operators and standard operators that hold in a weak sense, i.e.
when we act on the l-th row of Sato operators or Baker functions
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Dispersionless limits

Weak identities

Theorem

[F (Mk ,Lk)](Wlk)Elk = [F (M̄k , L̄k)](Wlk)Elk = EllF (M, L)CkkW ,

[F̄ (Mk̄ ,Lk̄)](W̄lk)Elk = [F̄ (M̄k̄ , L̄k̄)](W̄lk)Elk = Ell F̄ (M̄, L̄−1)C̄kkW̄

[F (Mk ,Lk)](ψlk) = [F (M̄k , L̄k)](ψlk) = (ψlk)

←−−−−−−−
F
(

z
d
dz
, z
)
,

[F̄ (Mk̄ ,Lk̄)](ψ̄lk) = [F̄ (M̄k̄ , L̄k̄)](ψ̄lk) = (ψ̄lk)

←−−−−−−−−−
F̄
(

z
d
dz
, z−1

)
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Dispersionless limits
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F
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z
d
dz
, z
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←−−−−−−−−−
F̄
(

z
d
dz
, z−1

)
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Dispersionless limits

Weak identities

We now introduce algebras of charge preserving operators
generated by charge preserving shifts operators

Definition

ta :=
{∑

j∈Z
cjT j

a

}
, t̄a :=

{∑
j∈Z

cj T̄ j
a

}
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Dispersionless limits

Weak identities


ta,> :=

{∑
j>0

cjT j
a

}
ta,6 :=

{∑
j60

cjT j
a

}
, a 6= l

tl ,> :=
{∑

j>0

cjT
j
l

}
tl ,< :=

{∑
j<0

cjT
j
l

}


t̄a,> :=
{∑

j>0

cj(T̄ j
a − 1)

}
, t̄a,< :=

{∑
j<0

cj(T̄ j
a − 1)

}
, a 6= l , l̄

t̄l ,> :=
{∑

j>0

cj T̄
j
l

}
, t̄l ,< :=

{∑
j<0

cj T̄
j
l

}
,

t̄̄l ,> :=
{∑

j>0

cj(T̄ j

l̄
− 1)

}
t̄̄l ,< :=

{∑
j<0

cj(T̄ j

l̄
− 1)

}
, a′ 6= l ,

t̄̄l ,> :=
{∑

j>0

cj T̄
j

l̄

}
t̄̄l ,6 :=

{∑
j60

cj T̄
j

l̄

}
, a′ = l .
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Dispersionless limits

Weak identities

Red color in the previous slide will be denoted by +{
F (Mk ,Lk)+(EllW ) = F (M̄k , L̄k)+(EllW ) = Ell(F (M, L)Ckk)+W

F (Mk ,Lk)+(EllW̄ ) = F (M̄k , L̄k)+(EllW̄ ) = Ell(F (M, L)Ckk)+W̄

{
F (Mk̄ ,Lk̄)+(EllW ) = F (M̄k̄ , L̄k̄)+(EllW ) = Ell(F (M̄, L̄−1)C̄kk)−W

F (Mk̄ ,Lk̄)+(EllW̄ ) = F (M̄k̄ , L̄k̄)+(EllW̄ ) = Ell(F (M̄, L̄−1)C̄kk)−W̄
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Dispersionless limits

Weak identities

Definition

Bja := (L j
a )+, B̄ja := (L̄ j

a )+

Theorem

∂ja(EllW ) = Bja(EllW ) = B̄ja(EllW ),

∂ja(EllW̄ ) = Bja(EllW̄ ) = B̄ja(EllW̄ ),
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Dispersionless limits

Weak identities

Definition

Bja := (L j
a )+, B̄ja := (L̄ j

a )+

Theorem

∂ja(EllW ) = Bja(EllW ) = B̄ja(EllW ),

∂ja(EllW̄ ) = Bja(EllW̄ ) = B̄ja(EllW̄ ),
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Dispersionless limits

Weak identities

If the string equation

N∑
k=1

Fk(M, L)Ckk =
N∑

k=1

Fk̄(M̄, L̄−1)C̄kk

holds, then

Fk(Mk ,Lk)(ψlk) =
(∑

a′∈S
Fa′(Ma′ ,La′)+

)
(ψlk)

Fk(M̄k , L̄k)(ψlk) =
(∑

a′∈S
Fa′(M̄a′ , L̄a′)+

)
(ψlk),

Fk̄(Mk̄ ,Lk̄)(ψ̄lk) =
(∑

a′∈S
Fa′(Ma′ ,La′)+

)
(ψ̄lk),

Fk̄(M̄k̄ , L̄k̄)(ψlk) =
(∑

a′∈S
Fa′(M̄a′ , L̄a′)+

)
(ψ̄lk),
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Dispersionless limits

Dispersionless limit

Dispersionless limit

∂ja(Ellψ) = Bja(Ellψ), ∂ja(Ell ψ̄) = Bja(Ell ψ̄) a ∈ S, j = 1, 2, . . . .

Slow variables

tsl,ja = εtja, ssl,a = εsa, nsl = εn

ψa = exp
(Sa

ε

)
, Sa = Sa,0 + εSa,1 + · · · .
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Dispersionless limits
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Dispersionless limits

Dispersionless limit

New variables

σb,a := ssl,a, a 6= b,

σb,b :=
∑
a∈S

ssl,a,

ssl,a = σa, a 6= b,

ssl,b = σb −
∑
a 6=b

σa,

and observe that

∂

∂σb,a
=

∂

∂ssl,a
− ∂

∂ssl,b
, a 6= b.

∂a :=


∂

∂σl ,a
, a 6= l ,

− ∂

∂σl ,a′
, a = l ,

, ∂̄a :=


∂

∂σl̄ ,a

, a 6= l̄ ,

− ∂

∂σl̄ ,a′
, a = l̄ .
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Dispersionless limits

Dispersionless limit

Theorem
In the limit ε→ 0 we have that

T j
a (exp(Sb/ε)) = exp(j∂a(Sb,0) + O(ε)) exp(Sb/ε)

T̄ j
a (exp(Sb/ε)) = exp(j ∂̄a(Sb,0) + O(ε)) exp(Sb/ε)

∂ja(exp(Sb/ε)) = (∂sl,ja(Sb,0) + O(ε)) exp(Sb/ε).
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Dispersionless limits

Dispersionless limit

Dispersionless limits of the shift operators Bja, B̄ja

Pjl = Y j + Bjl,j−1|0Y j−1 + · · ·+ Bjl,0|0, a 6= l

Pja = Bja,j|0Y j + · · ·+ Bja,1|0Y

P̄j l̄ = B̄j l̄,j|0Y j + Bj l̄,j−1|0Y j−1 + · · ·+ B̄j l̄,1|0Y − (1− δla′)
j∑

i=1

B̄j l̄,i|0

P̄ja = B̄ja,j|0Y j + · · ·+ B̄ja,1|0Y − (1− δal)
j∑

i=1

B̄ja,i|0, a 6= l̄

where

Bja,i|0 := lim
ε→0

Bja,i , B̄ja,i|0 := lim
ε→0

B̄ja,i
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Dispersionless limits

Dispersionless limit

Hamilton–Jacobi equations

Two families of Hamilton–Jacobi type equations in the
dispersionless limit

∂sl,ja(Sb,0) = Pja

(
e∂aSb,0

)
, Whitham type

∂sl,ja(Sb,0) = P̄ja

(
e∂aSb,0

)
dToda type
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Dispersionless limits

The universal genus 0 Whitham hierarchy

Let us consider the equation

∂x(Sb,0) = exp(∂lSb,0) + qa′ = exp(−∂a′Sb,0) + qa′ , qa′ := ∂a′(βll |−1), x = tsl,1l .

Inserting the substitution a′  a we get

∂a(Sb,0) = − log(∂x(Sb,0)− qa) a 6= l .

Definition
Let us introduce the dispersionless Lax function za = za(ssl, tsl) by
the implicit relations

p = ∂xSa,0(za)

and the dispersionless Orlov–Schulman function by

ma :=
∂Sa,0

∂z

∣∣∣∣
z=za
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Dispersionless limits

The universal genus 0 Whitham hierarchy

Therefore for a 6= l we have

(∂a(Sb,0))
∣∣∣
z=zb

= − log(p − qa), a 6= l

(∂sl,ja(Sb,0))
∣∣∣
z=zb

= Pja

( 1

p − qa

)
=: Ωja, a 6= l

(∂sl,jl(Sb,0))
∣∣∣
z=zb

= Pjl(p − qa′) =: Ωjl , j > 1

Given two functions f = f (p, x) and g = g(p, x) of p and x we
define the standard Poisson bracket

{f , g}0 :=
∂f

∂p

∂g

∂x
− ∂g

∂p

∂f

∂x
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Dispersionless limits
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Dispersionless limits

The universal genus 0 Whitham hierarchy

As shows the following Theorem the functions (zb,mb) satisfy the
universal genus 0 Whitham hierarchy

Theorem
The functions (zb,mb) verify

{zb,mb}0 = 1,

and the evolution equations

∂azb = {− log(p − qa), zb}0, ∂amb = {− log(p − qa),mb}0, a 6= l .

∂sl,jazb = {Ωja, zb}0, ∂sl,jamb = {Ωja,mb}0.
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Dispersionless limits

The universal genus 0 Whitham hierarchy
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Dispersionless limits

The multicomponent dispersionless 2D Toda hierarchy

Introduce a variable X such that ∂X := ∂l = −∂l̄ , it comes from a
discrete s type variable while x comes from a continuous t variable

Definition
The dispersionless Lax function z̄a is defined by the implicit relation

∂XSa,0|z=z̄a = log P,

while the dispersionless Orlov–Schulman operator is defined by

m̄a := z̄a
∂Sa,0

∂z

∣∣∣∣
z=z̄a

.
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∂XSa,0|z=z̄a = log P,

while the dispersionless Orlov–Schulman operator is defined by

m̄a := z̄a
∂Sa,0

∂z

∣∣∣∣
z=z̄a

.
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Dispersionless limits

The multicomponent dispersionless 2D Toda hierarchy

multicomponent dispersionless 2D Toda for S

∂X (Sb,0)
∣∣∣
z=z̄b

= log P,

∂a(Sb,0)
∣∣∣
z=z̄b

= log Pa, Pa :=
1

1 + ρaP−1
a 6= l , l̄ ,

(∂sl,ja(Sb,0))
∣∣∣
z=z̄b

= P̄ja(Pa) =: Ω̄ja, a 6= l , l̄ ,

∂sl,j l̄(Sb,0)
∣∣∣
z=z̄b

= P̄j l̄(P−1) =: Ω̄j l̄ ,

(∂sl,jl(Sb,0))
∣∣∣
z=z̄b

= P̄jl(P) =: Ω̄jl , j > 1.
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Dispersionless limits

The multicomponent dispersionless 2D Toda hierarchy

Given two functions f = f (p, x) and g = g(p, x) of p and x we
define the modified Poisson bracket

{f , g}1 := p
∂f

∂p

∂g

∂x
− p

∂g

∂p

∂f

∂x
.
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Dispersionless limits

The multicomponent dispersionless 2D Toda hierarchy

Next we show that this dispersionless limit represents a
multicomponent generalization of the standard dispersionless 2D
Toda hierarchy. This later corresponds to the flows associated with
tsl,jl , tsl,j l̄ , j = 1, 2, . . . .

Theorem
The relation

{z̄b, m̄b}1 = z̄b

and the following evolution equations are verified

∂az̄b = {log(Pa), z̄b}1, ∂am̄b = {log(Pa), m̄b}1, a 6= l , l̄

∂jaz̄b = {Ω̄ja, z̄b}1, ∂jam̄b = {Ω̄ja, m̄b}1.
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Dispersionless limits

Dispersionless limits of string equations

Theorem
If the string equations

N∑
k=1

Fk(M, L)Ckk =
N∑

k=1

Fk̄(M̄, L̄−1)C̄kk

hold, their corresponding dispersionless limits

Fa,0(za,ma) =
∑
b∈S

Fb,0+, F̄a,0(z̄a, m̄a) =
∑
b∈S

F̄b,0+, ∀a ∈ S

are satisfied
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